In this note, we prove the non-degeneracy of the Kobayashi-Eisenman volume measure of a singular directed varieties (X, V ), i.e. the Kobayashi measure hyperbolicity of (X, V ), as long as the canonical sheaf K V of V is big in the sense of Demailly. 
Introduction
Let (X, V ) be a complex directed manifold, i.e X is a complex manifold equipped with a holomorphic subbundle V ⊂ T X .
The philosophy behind the introduction of directed manifolds, as initially suggested by J.-P. Demailly, is that there are certain fonctorial constructions that work better in the category of directed manifolds (ref. [3] ). This is so even in the "absolute case", i.e. in the case V = T X . In general, singularities of V cannot be avoided, even after blowing-up, and V can be seen as a coherent subsheaf of T X such that T X /V is torsion free. Such a sheaf V is a subbundle of T X outside of an analytic subset of codimension at least 2, which we denote here by Sing(V ). The Kobayashi-Eisenman volume measure can also be defined for such (singular) directed pair (X, V ). Definition 1.1. Let (X, V ) be a directed manifold with dim( X) = n and let rank(V ) = r. Then the Kobayashi-Eisenman volume measure of (X, V ) is the pseudometric defined on any ξ ∈ r V x for x / ∈ Sing(V ), by In [3] , the author also introduced the concept of canonical sheaf K V for any singular directed variety (X, V ), and he showed that the "bigness" of K V implies that all non-constant entire curves f : C → (X, V ) must satisfy certain global algebraic differential equations. In this note, we study the Kobayashi-Eisenman volume measure of the singular directed variety (X, V ), and give another geometric consequence of the bigness of K V . Our main theorem is as follows. 
Remark 1.
In the absolute case, Theorem 1.2 is proved in [6] and [7] ; for a smooth directed variety it is proved in [3] .
Proof of the main theorem
Proof. Since the singular set Sing(V ) of V is an analytic set of codimension ≥ 2, the top exterior power r V of V is a coherent sheaf of rank 1, and it admits a generically injective morphism to its bidual ( r V ) * * , which is an invertible sheaf (and therefore, can be seen as a line bundle). We give below an explicit construction of the multiplicative cocycle that represents the line bundle ( r V ) * * . Since V ⊂ T X is a coherent sheaf, we can take a covering by open coordinate balls {U α } satisfying the following property: on each U α , there exist sections e Since h and h s have both analytic singularities, χ also has analytic singularities, and thus e χ is a continuous function.
Moreover, e χ (p) > 0 if p / ∈ Sing(h). We define the base locus of V to be
where h varies among all the singular metrics on ( r V ) * * * satisfying Properties (1) and (2) above.
Now fix a point p / ∈ Bs(V ) ∪ Sing(V ); then by Definition 2.1 we can find a singular metric h on ( r V ) * * * with analytic singularities satisfying Properties (1) and (2) above, and p / ∈ Sing(h). Let f be any holomorphic map from the unit ball
where a (α) (t) is meromorphic function, with poles contained in f −1 Sing(V ) ∩ U α , and satisfies
which is bounded on any relatively compact set. Therefore,
can be seen as a (meromorphic!) section of f * ( r V ) * * , and thus we set
where φ α is the local weight of h. By Property (2) above, there exists a globally defined quasi-psh function χ on X which is bounded from above such that
Now we define a semi-positive metric γ on B r by putting γ := f * ω, then we have
where C 0 (z) is a bounded function on X which does not depend on f , and we take C 1 to be its upper bound. One can find a conformal factor λ(t) so that γ := λ γ satisfies
Combining (2) and (3) together, we obtain
Since h ≥ ω, by (1) and (2) 
Since f is taken to be arbitrary, we conclude by Definition With the notations above, we define the coherent ideal sheaf I(V ) to be germ of holomorphic functions which is locally bounded with respect to h s , i.e., I(V ) is the integral closure of the ideal generated by the coefficients of v α in some local trivialization of r T X . We denote by K V := r V * * * and K V := K V ⊗ I(V ) the sheaf K V is defined in [3] to be the canonical sheaf of (X, V ). It is easy to show that the zero scheme of I(V ) is equal to Sing(h s ) = Sing(V ). The sheaf K V is said to be a big sheaf iff for some log-resolution μ : 
Proof. By Definition 2.1, the condition that K V is a big sheaf implies that K V and μ * K V − D are both big line bundles. For m 0, we have an isomorphism
Let us fix a very ample divisor A. Then for m 0, the base locus (in the usual sense) B(mμ
Thus we can take a m 0 to choose a basis s 1 , . . . ,
We define a singular metric h m on mK V − A by putting A direct consequence of Theorem 1.2 is the following corollary, which was suggested in [5] . The famous conjecture by Green-Griffiths states that, in the absolute case, the converse of Theorem 1.2 should be true. It is natural to ask whether we have similar results for arbitrary directed varieties. A result by Marco Brunella [2] gives a weak converse of Theorem 1. Indeed, Brunella proved more than the results stated in the above theorem. By putting on K F precisely the Poincaré metric of hyperbolic leaves, he constructed a singular Hermitian metric h on K F (possibly not with analytic singularities), such that the set of points where h is locally unbounded is the polar set Sing(F ) ∪ Parab(F ), where Parab(F ) is the union of parabolic leaves, and such that the curvature h of the metric h is a positive current. In this vein, a natural question is: Question 2.5. Can Brunella's theorem be strengthened by stating that when a foliation (X, F ) admits a hyperbolic leaf, then not only K F is pseudo-effective, but also the canonical sheaf K F = K F ⊗ I(F ) is pseudo-effective? In other words, can we find a singular Hermitian metric h on K F with the curvature h is a positive current, and h is more singular than h s ? (Recall that h s is the singular metric on K F induced by a Hermitian metric on T X .) Remark 4. In [10] , the author introduces the definition of canonical singularities for foliations, in dimension 2 this definition is equivalent to reduced singularities in the sense of Seidenberg. The generic foliation by curves of degree d in CP n is another example of canonical singularities. In this situation, one cannot expect to improve the "bigness" of the canonical sheaf K F by blowing-up. Indeed, this birational model is "stable" in the sense that π * K F = K F for any birational model π : ( X, F) → (X, F ) . However, on a complex surface endowed with a foliation F with reduced singularities, if f is an entire curve tangent to the foliation, and T [ f ] is the Ahlfors current associated with f , then in [9] it is shown that the lower bound for T [ f ] · c 1 (T F ) can be improved by an infinite sequence of blowing-ups. Indeed, for certain singularities, the separatrices containing them are rational curves, and thus the lifted entire curve will not pass through these singularities. In the literature (e.g., [1, 9] ) this type of singularity is sometimes called "small", i.e. the lifted entire curve will not pass through these singularities. Since T [ f ] · c 1 (T F ) is related to value distribution, these "small" singularities do not have any negative contribution to the lower bound for T [ f ] · c 1 (T F ), which will be substantially increased by the effect of performing blow-ups. In [4] , this "Diophantine approximation" idea has been generalized to higher dimensions; for more details, we refer the reader to the above-mentioned papers.
